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Abstract 

A semi-empirical theory is presented for predicting the boundaries, 

velocity decay on the axis, and the velocity at any point in an air jet 

or variable density exhausting into air at rest. 

The integrated axial momentum equation is employed as the basic 

equation in the analysis and an approximate expression for density 

variation is presented and analyzed. The shear stress is represented 

by a form suggested by Reichardt. This form is simpler than the 

ordinary Pr?ndtl expression. 

Calculations are mace for range of density ratios and an analysis 

of tha results is attempted, 

A comparison <B±th experiment is made indicating that the mixing 

parameter k is dependent v,-pon the density ratio. 
ul 

A methoo for solution of the mixing prob 

density variation is indicated in Appendix I„ 

A methoo for solution of the mixing problem using a more exact 

•'^totf, --v • ••J;J"^4« • *#?-' ^*W»*tetiMM'WSteT»!^^ .V.,"..;-,. , :-«#*»«»£ &; *,&&•'• 'l 
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SYMBOLS 

% Distance along Jet axis 

y£ Radial distance from jet axio 

jp Density 

p Press-ore 

T Temperature 

A Speed of sound 

u Velocity in ^ direction 

M Mach r-.mber5 u/ 

¥ Ratio of specific heats 

k Shear stress proportionality factor 

kni Mixing parameter 
u- 
* Shear stress 

e Turbulent viscosity coefficient 

Turbulent kinematic viscosity coefficient 

Differential"% distance 

#fc/ Tctal Jet momentum flux 

<fag Momentum flux constant 

R       Disjen3ionless radius, f\$ls 

X       Dinerssionless axial distance, ^//t, 

U       Dimensionlees velocity, ^«/ 

1y Axial length of potential core 
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THE MIXING OF AN AHALLST SYMMETRIC COMPRESS! BUS JET WITH QUIESCENT AIR 

Introduction 

The problem of the mixing of a turbulent Jet with its surrounding 

medium has been analysed extensively in recent years because of its 

obvious importance in many engineering applications and, also, because 

of its direct association with the problem of free turbulence. 

In 1926, Tollaien(l) effectively initiated -work in this field by 

extending an analysis of laminar jets to turbulent jets through the use 

of the Prandtl mixing length theory(2)„ His theory was applied to jets 

issuing frcsn a point source* Since that time, irany noteworthy analytical 

and experimental contributions have been made. Among these have been 

Kuettor ".- calculation(3), in '193$s  of the velocity profile in the initial 

portion of a jet exhausting into a medium, at rest; the suggestion by 

Reichardt(li)s in 19U1, of a new theory of free turbulence j the calcula- 

tion, of jet spread and velocity decay of a finite jet exhausting into 

a moving stream by Squire and Trouncer(5) in 19hk>  the experimental 

work of Forstail and Shapiro(6), reported in 19^0$ and the analytical 

and experimental analyses that have been in progress at the Engineering 

Experiment Station of the University of Illinois since l°i*6, A larg® 

percentage of the work that has been donss including those contributions 

mentioned above., deals only with incompressible flow* Although there 

have been a number of experimental investigations of compressible jets, 

the only theoretical approaches that are vrell known are those of ?ai(7) 

and Sfcablewski(8). 

In general, one of three approaches is used when a theoretical 

analysis of the problem is attempted* In the first approach, a solution 



2. 

of the turbulent differential equations of motion is sought in order to determine 

the velocity profile as a function of axial distance. Kuethe, for the 

incompressible case, and both Pai and Szablewski, for the compressible 

case, followed this method, Kuethe found an approximate solution to his 

equation using the Prandtl mixing length theory expression for the 

i      turbulent shear stress, Pai reduced the turbulent equations to a 
i 

solvable form after relating the turbulent fluctuations to the mean 
X 
J 

properties of the flow through Taylor's modified vorticity thecry(2) and 

representing the density variation by a form of the Crocco energy integral, 

Ssablewski assumed that a modified form of the Prandtl mixing length 

expression represented the smear stress and eliminated density from his 
i 

momentum equation by assuming that the apparent turbulent viscosity 

coefficient divided by the density was constant with respect to the 

radial dimension, A major difficulty arising in tld.s type of treatment 

is obtaining a solution of the equations which are always non-linear, 

A small perturbation analysis will usually linearise the equations for 

small density and velocity variations arid reduce the solution difficulties. 

However, large variations invariably necessitate the use of highly involved. 

numerical methods of solution, 
! 

The second approach is one which uses an int^'^rated momentum equation 

of the Karman type(2). In this type of analysis, velocity profiles must 

be assumed to be similar throughout the jet or at least in portions that 

are treated separately, and a particular velocity profile shape must 

be assumed in ^rder to solve the res\0.ting equations. Squire, and 

Trouncer used this method, representing the shear stress by the Prandtl 

i 
form$ to calculate the spread of the jet am the velocity decay along 

•She axis for the case of incompressible mixing 

~,  .*.-     .-  -     ' ' .  -  •    --:,•' •••*•••- ••*'••.:• -, 
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I thus discarding the basis upon which the Rrandtl expression for shear 

I stress is derived. Some experimental verification of Reichardt's 
§ 
<} hypothesis has been achieved} for example, Kivnick(9), at the University 

I of Illinois has fitted the data of Ferstall and Shapiro to an analysis 
g 

of tfoz Reichardt type reasonably well* 
| 

| It should be realized that those analyses of turbulent jet mixing 
I 

can only be classified as semi-empirical tieories because of the 

| unknown constants that always appeal"- in the results* These constants 
I 
| result from the rather arbitrary representation of the turbulent shear 
f. 
| stress and must be evaluated experimentally. 

I 
| It is the object of this paper to include the effects of com~ 
I 
| pressibillty in the mixing problem by a method that will allow solution 
f 

without a prohibitive amount of calculation* The velocity of the out~ 
I 
| 

side stream is taken as zero to simplify the problem and, also, because 

the experimental equipment at this laboratory can be easily adapted to 

such a condition* 
| 

A method similar tc that used by Squire and Trouncer is employed. 

1 The effect of density variation is accounted for by an approximation 
I I 

that assumes the density at any point in the jet is a particular function 

| of the local mean velocity and constant, quantities' only.  Decause it is 

•--!:.•• *--VV,^Y-N:, ^WTM»»A*gaaaS>^<li S*S»3W*?*» •-"' • 

betvrf^n a jet and a moving external stream. Their calculations were 

much simpler than those arising from the use of the ordinary differential 

equations, and their assumptions regarding the shape and similarity of 

velocity profiles ?:ere well verified by Forstall and Shapiro. 1 
• v 

The third method that has been used is based upon Reichardt's 

theory of free turbulence. Essentially, Reichardt replaces the gradient, 
I 
f or conductive, mechanism of momentum transfer by a diffusion process, 

>• 

'•« 

I     ' 

K*i*"^ 'jstSff&SM 

'j •L&iS»!*'.V*J.V   «•- J TdlXliW**-^!     ,'      -•''•..:•>•• 



lu 

believed to be not valid in compressible flow, the usual Prandtl 

representation of shear stress is discarded, A somewhat simpler 

form, similar to that suggested by Reichardt, is used. 

The transfer of mass and energy are not treated, since experimental 

results^ particularly bhose of Townsend(10)j Indicate that the mechanism 

of transport for these quantities in a free turbulence phenomena is 

different from that fox- momentum. Therefore^ it does not seem logical 

to present similar analyses for the three quantities, 



Theory 

A« Derivation of Integral Equation 

The integrated axial momentum equation(2) used in this analysis is 

A brief derivation will aid in the understanding of equation 1 and its 

subsequent use in the solution of the mixing problem* 

Consider a circular di3k of air, as shown in Figure 1, in a general 

steady flow which is symmetric with respect to the x axis* The change 

of axial momentum across the faces of the disk per unit tine is 

'9 ""&<% (2) 

The change of mass between the two faces of the disk per unit time is 

ill   ^ Tfft €^^A, 

and, since this mass can only flow across the r as r* surface, the 

axial momentum change associated -with the mass flow change is 

'o &4L     <*f*'i **•'<- (3) 

Trie force exerted on the disk by the shear stress "^Tia 

S<% • Z7)/l* • t (U) 

Notice the Expression k ignores the change in "2T between x and x + g x 

which is considered to be a second order effect. The pressure gradients 

in the r and x directions are assumed to be negligible, following the 

usual boundary la^er sn.6  jet aasunptions, thus causing no unbalanced 

tsressure force on the disk* 

if^~,'i^^*-i.^.:-;,-^'y%.:;.-->'Ar^ \.r^:SjiJ-   :.'•'•''•'-    . - *   '••'- •.•'(*l#>**->'<*••.  -W  ';V^&<."i ;>i';!«' tfSiW'TjuSiraSSR* 
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I 

r. 
is 

ft- 

I 

i 
i 
at 
«s 

A summation of forces acting on the disk of Figure 1 Expressions 

2, 3, and U> yields 

,/tm 
t/id/i-e**/ 2££^A.*//i =T/z4 <*> 

The signs of the terms in Equation $  are dictated by the type of 

problem being investigated and the form that is to be used to represent 

the shear stress "2*. Equation 5 can be transformed siirply by 

Leibnitz's Rule to the form <»iven in liquation 1, 

^"    Approach to Frea Jet Analysis 

The derivation of solvable equations in terms of unknown 

quantities used in this analysis is similar to that employed by Squire 

and Trouncer and will be discussed only briefly here* As shown in 

Figure 2, the jet is divided into two regions? the core region, in 

•which a "potential" core of constant quantities exists; and the 

developed region, in which the core has disappeared and the properties 

of the jet are changing continuously with r and x»    Notice that the 

mixing region boundaries, r0 and r^, are defined by the spread of 

velocity9 or jaomentusi. 

It is assumed then that similarity of velocity profiles exists in 

both regions and that these profiles can be represented by a cosine 

variation (see Figure 3)* 

Core region: 

Cl 22 cos &/ •zrmm^f, ff (6) 



'A 

( 

Developed region: 

«^{/+C&S7?£] (7i 

This assumption is well verified by experiment in the incompressible 

case(6) and early experiments at this laboratory(ll) indicate that such 

an assumption is still reasonably valid for an extremely cold jet, 

Notioe that both Equation 6 and 7 become identical at the downstream 
i 

limit of the potential core. 

Now suppose that the density ^ and the shear stress  l^can be 

i represented as functions of u, To   and ri.     This will be discussed in 

the follcwing sections,    Th«n.;  in principle, the problem can be solved 

in the following manner: 

Core R£S£2 

I Evaluate Equation 1 at r*- ~ rn: 

Zk,*«~a    ;     "A.'*.1"0 

) Therefore, Equation 1 becomes 
i 
V 

iv ( fa*/it*A ssr O 

or 

«9 
m 

Equation  6 expresses the condition of conservation of total ino>>i& ruum;  i.e., 

the awaeiTtum ah the Jet exit which is      #*, ~ f* Uf    /?/%, 



8, 

•will be equal to the botal momentum integrated across the jet at atte- 

station x.    Therefore, the constant M in Equation 8 can be evaluated 

I immediately as 

a (?) 
Equation 8 can be reduced to a more usable form by splitting the 

I 
t integral into two parts 
I 

In Equation 10 

* / A ^St - /f*£ ^ 
* 

so that Equation 10 becoraea 

*/t*f/i  «• #2 (11) 

- o • Evaluate Equation I at r# - -—^ 

^6 

therefore, Equation 1 becomes 

"<l <* «*> 4 

Again, by splitting the integralss Equation 12 reduces to 

(12) 

r ,.,..^,. 

. 

*V--Tfc»s^,w/«t^-A"«*i':'~*-.v.^\ivcv/.,^ir„V/t;>tV :it!
;ftiifc;K&iK'*^'i '.-.-.. .••'•' ••'<"•'•'  !•>•(':•. >^:^^:--tiMM 



/k^di /utAi 

^W+^i/a%A<'/i - *St£s**^ 

•a, 

According to the assuniption above that f? and *2* may be expressed in 

terras of u, r±,  and rQ and that u is a known function of r, Equations 

11 and 13 are recognized to be two simultaneous equations for the two 

unknowns, r^(x) and r0(x), and in principle, can be solved for these 

unknowns. 

Developed Region 

The derivation of equations in the developed region is similar to 

that in the core region. However, the unknown uc(x) new replaced the 

unknown ^(x), 

Evaluate Equation 1 at r-;:- = r0: 

*£*   ^O    ;  ££• + *» O 

Then Equation 1 becorses 

which expresses the same relationship as Equation 8» Therefore, 

<t 4 2 

o 

Evaluate Equation 1  at r* - 2~ 

r 

IlU) 

%.-<*-s/i^-J ; ^%. = % IT   31 

Equation 1   becomes 

d 

(15) 

.--"••> :. _„ ,-,.t> ;   :..--. j*ffS?^Tis«&!SG^ra3s*Bw- 
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Equations lit and 1$  are two simultaneous equations for the two unknowns^ 

rn(x) and u^x). 

It is seen now that the problem -will be completely solved when 
I 

cQ(x)?  ri(x), and uc(x) are known, since the velocity profiles at any 

station x can be constructed by the use of Equation 6 or Equation ?. 

!       C. Density Variation 

h 

As has been mentioned., the use of the two sets of simultaneous 

equations derived above for the solution of the problem depends upon 
i 
\ the possibility of expressing the density f as a function of not more 

than the three variables u, T0>  and r^. The special .,ase of incompressible 

flows^~ constant, has oeen treated by Squire and Trouncer. In this 

paper, an attempt is made to solve the mixing problem for the general 
5: 

case of a jet of uniform initial density ft which is arbitrarily different 

from the density P&  of the outside medium. It is necessary then to 
8 
?       choose a suitable function to represent the variation of density* 
i 

Pai uses an expression of the Crocco type to satisfy the temperature 

|       variation in the mixing region of the free jet, 

r*^ *&a -^ 
1 

The quantities A and B are constants that are deiie.rmi.ned by the boundary 
I 
| conditions of the arobiem*    Since the pressure in tne free jet is assumed 
i 

to be constant,  fcne density variation could be expressed aa 

^    £ it CM I A 
(16) 

or, in other words, the density variation is a function of velocity alone 

•'.-v.; 
8*63fc*'*'5 \i   >s*>V-\. :'".   ,.:"1"  ''•''••'     * V. -**W»' <••* -   •••i^- r'^kH-3L -..-*•*•• ^a»si*ni- 
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and constant quantities• It was observed  that the use of Expression 16 

would cause great difficulty in the evaluation of the integrals in 

Equations •?,!, 13, tkf  and 25 when Equations 6 and ? were substituted 

for the velocity variation, Therefore, a different variation of 

density is use&j however, its dependence upon velocity alone is 

retained. Appendix 1 presents a possible method for the inclusion of 

a variation of the type shown in Equation 16» 

The density variation that was chosen is 

f>-/^=CU 
(17) 

The constant in Equation 1? is determined from the condition at the 

nozzle exit as 

a,- 
and, therefore, the density at any point of the mixing region is given 

by 

ft 

i 

Ps SL 
£&t 

+ .T*. (18) 

It is realised that Equation 18 is only an approximation.    An estimate 

of its validity can be made in the following manners 

Since /b = constant, i£ = £ and ~&~ iJL 

Substitution into Equation 18 gives 

.-.H9« r 'In    y a,* (19) 

'•.\ ';^";-,-i.;- 

i;^V>?'>'"'.:;>.-"^^-:;\^^'^"*^'>i'-*;v 
.. c*-*aM*'--«a»^-: 
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Now, if the special case in which the Jet has the sams stagnation 

enthalpy as the surrounding fluid is considered, Ta - Ts-. , and 

It is assumed that Ta * Ts throughout the mixing region. Therefore 

Equation 19 becomes 

(£M/+&/V.*4 s& e£. 

or 

(20) 

,- i 

Equation 20 is similar to the ordinary expression for the adlabatic, 

one dimensional flow of a perfect gas 

r 
i   ?> a" at * 

except that the constant a  is substituted for the variable (throughout 

the mixing region) a2* 

Consider a cold ;Jet; i.e., one in which the temperature of.  the jet 

is less than the surrounding medium. The quantity tv tfei M. 
•3* 

<&* 
will always 

be larger than sZL  isL as one sroes away from the potential core because 

of the restriction placed upon a-,. The error -will be small near the core 

and rill increase as the distance from the core increases.. However, 

2 
as one goes away from the core* u becomes very small and the contribution 

ox the increased error in a-j'': is believed to be small. 

For a a»t jetj i.e., one in which the temperature of the jet is 

?«f5?SiSjSS; .^-~.:xX-?>• •>:•%>v".>v: • 
^MBfA.'^ 
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r 
*' • 

& 

§ 
$$ 

a 
s 

i 

V 
;? 

i 

Greater than the surrounding mediums it is impossible to have the same 

stagnation enthalpy in both the jet and the external fluid, and the 

analysis does not apply. 

Suppose that/2.j^3E^^ahag| been used instead of Equation 17. 

The equation that is derived for the case of constant total enthalpy, 

corresponding to Equation 20 for the u variation is, 

(21) 

In Equation 21, the terra~3[ has a reducing effect upon the right 

side of th.- equation* For the cold jet, this is compensating compared 

to the u  variation, however, it should be noticed that the compensating 

effect for the cold jet will probably be too great at larger distances 
u   _ 

f rom the potential core since T^ **°« 

If a density variation of the" type P"f^  * &4& is used, 

the equation corresponding to Equation 20 is 

I 
The ££A&       term in Equation 22 will add to the error for the 

cold jet« 

Therefore, it is believed that, at least for a cold jet, the density 

variation can be represented by an expression of the form 

«3f 
~JA  * *~ ^ 

M 

-.'• 

i 
where n. varies between 2  and 3 throughout the mixing region. For this 

analysis, the value of n ~ 2 was used* It, is assumed that, at least for 

;L^& ,:^^^5;r:5.St.'i.'-'-'-.-v>,'i^ ?SP3 
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a jet whose initial density is not radicaUy different from that of the 

surrounding fluid,  the density value given by Equation 8 -will give a 

reasonable representation of the actual phenomena. 

It should be mentioned that the density change represented by 

Equation 18 will satisfy the condition of a stream of arbitrary velocity 

so long as the assumptions of the analysis are not violated;  for example, 

the presence of shock waves in the jet core would spoil the assumption of 

uniform velocity. 

i £«    Shea?' Stress Rearsgarstatiaa 

Use repr»s«nta.tloa. of the s&ear stress ia asu analysis of a tsrbalect 

flosr has teen a ccntoovsrslal subject far saqgr years.    iha sost sell- 

s ksown iseihcdi is that of the a»?»atsia transfer theory based -.upon the 

Praastl nixlisg: leTsgtfc iieary which; attexpts to relate the tarbolent 

shear stress* essentially a tarteolsat flnetaaa&iost pisenontena, to the 

saeao. p?<yp&*-x<X£& ox  ut flaiti tferoagji a fictitious "mixing length"1 (2), 

This ttecry has gibers reasonably gooi results in incoispresslble problews 

i"or detensLniag the spread of Bso&ntas.    Bowever-j is, the considerafcioB 

of a turbulent cocgsressible flow, it does sot se-ea logical to GSS: such 

a represeatstionj  -since the coapressible isErbiiieut equations of raotim 

cannot be derived zc give the sane fora for the turbulent- shear str-e-ss 

as: the inco'Epressibls equations. 

For this reason, a sisepie fans for the tarbcleat shear stress is 

*3sed is "arcs paper instead of she Prandi^i forts.. 

"t— <S 
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la Equation 23> e can be referred to as a turbulent viscosity coefficient 

and u 5s the mean velocity of the flow. Some attempt must be jnade now 

to express e in. terras of u, roi  and r^ only so that the equations derived 

iR Section 3 agjr be solved. Suppose that © can be broken into a density 

dependent; tens arai a eeaaetrically dependent tern, 52» simplest wag? to 

do this Is to say 

* s ^ C2M 

irioeara 4£ can be considered to be a fcurbulea"   kiewaaaSic viscosi .y 

coefficient.    It is assumed to vary oaaly •d.t&'Xas suggested by Seiclserdfe Ik) 

wbo rescued tlrts condasioo. timeagh tlui analysis of assay iscoqpressi&le 

texperissental data*    Therefore £ is assossed. to be prc^rtdosaax to the 

•width of the Mixing region, wSLch is oaly a fonctioa of x,    T*ae shear 

g stress is tinea given hgr 
I 

Tmf*KfAm~A*) %7t (2£a) 

developed Eegicni 

The quanitlt? S is thso •sxperiseataliy detersiraed proporfcionalits 

sstaist of the type that usually appears in se*i—espirical analyses 

ii has trie djbaensions of a velocity. 

. .*HV<r,-./J'fr .-. -.:',';.'. 
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E.    Solution of the Equations 

Care aegises 

It is now possible to express Equations 11 and 13 in terms of arsly 

the two dependent Tariablas rj_ ajid r0»    Substitution of Sqaation IS 

for ^ and. Equation 25 a for JT gives 

:  dt«k 

f26] 

!"he rlrfsi side of eqaation 2? is obtained &y eraiiia-ting 

I -o' 

sciatic*. 25a at r  i   f roa Equation 6. 

The Integrals in S-*?natiaaaa 26 and 2? cam be evaluated by ordinary 

saethods after sabstlta.ti.eQ fear u fey Bpa&iaa 6.    Tee evaluated integrals 

sod both equations can be seer, to irrroirc onlj ifee variables T~ ar«d .r^, 

fjtooei redaction,  toe iien-diaeasiaaal eeasEfciosis becorce 

axl+ijz. '>'*'}+^nt   isi/i, >J+2£] 

{7fO, 

<&£X   If*     # 

I/£* 3J * &* 
..'SWr*'*..? ~i 

SSWffJi'.-'S-'" »i i-,.,;-*--.; 
'    '-.. .... S *--i.rCV-'" 

r  -.   J      ->-   '- -.--,..••-•    '    SWli! 
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r. r 
o       i      sc 

where R0 = __ , R*  = ?r , X = •=-&    The lettered constants are ri.ven in w  r-j_  ^   1     rl 

Apcendix II. Equations 28 and 29 are similar in form to those derived 

by Squire ar.d Trouncer who give an intricate method of solution for 

R0 and R^. This method is not followed, however, since it was felt that 

a graphical integration would yield results more quickly. 

The method used to solve Equations 28 and 2$  is as follows: 

Equation 28 was solved for RQ in terms of Rj_ and also differentiated 

c£#?      w     e£*.       ^**& 
a, 

« 
with respect to X to give  ~rjr%F   •    &©> jsiW >  an<^ZsFyt were substituted 

into Equation 2? and, upon reduction,  an expression relating R^ and X 

was found, 

£fc) ^*l      * 
^sc K Ut (30) 

where f (Rj) is a fmsctioB of % and ^*f&tm±j (See Appendix II}, 

'3sirsg the bosratery eonditica at tlse jet exit 

% = 1 at, X = O 

Equation j& can be integrated to give 

j^ * M 

(31) 

The fTi.ier.ion. f (Hj_) »as calculate*! fear values of % tsiryisg between 1 

at- the BOSS!© exit acd O at the end off the fKtefifcial cere aad Jfor various 

eSeasifc? ratao vai&gs, 2»lj25 2l //*,    ~        «lo67«    fala.es of  ^J" X 

carrespGacir,g to the choses B.   aadt **$L "raises *ere then calculated 

grapHically aras R   was calcslatad frns. Eqaatdoo 28, 

Px-sire L shews tie calculated iL, sad 5* values as. functioas of 

S. X    ^*:0ir *-*!e    J^ "^figs*    Figure 5' gives the leisgiL of ths pdsaixlal 

core £.s a f unetzoQ of density ratio **/&* 
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Bg?eloged Bggiom 

Safostltatioa of .UyaaMcai 18 for ^aad gqaatioa 2Jifc for "2T into 

Eqaatioas lit and 15 gives 

3JS3 ^g       / /    /#    ,/» 

The Integrals in Sgnatlans 32 and 33 again can be evaluated when 

substitctioa for      is oade with Bauac-ioa ?»    S"r« ncn-diisenaiG&al equations 

bscos* 

wi—i MI* Ml 1i-~—— •"—- —y 

&?**<#«* &***•* 

where P-, ~ JiT""* ^ ="2F * * =51 •    The lettered eotsstaatss are given is 

Appeaits II.    SabBtitndUuon into Bpxatiea 3$ for !*0 froa Eqaatioo 3*i results 

itt aa ezpro&aica irwolvisg oni$* U sad I, 

inhere g (0? is a. fancti'sa of 5 aad  *»» oa^y (Sea Appendix H)«    She 

' ' • •  • '•/        , .    -  '.        •    .. ' .-"•" H*W*M fi> -'    '..!•'••*_    '   - •_/•"     •-•.       • '••-•. 'is:.;.-  ,    - •     , a.      . ••m        -"-   mm-    -.->..'   -     -,L,  „rwtt^£iMi      __      -_..«,     - •      .-   _ —-.      ._     .,'   .    ...     _    ...   ' 

"***'   -' . ' Jj^;-- •':•*, •'   *T-".r •— BW' - j      *-•».-!..- - --•*""•'.,• •   * .-.''-'  >^,TI '»ji   _el _ .'..•' - . , • •„-—••- .-'"'j'',-—'. ... 
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boundary condition that 

U = 1 at X = XP 
J 

where I   is the length of the potential core* is thee espGbojed to 

integrate Scpatien 36 

The fonetiora g (B) was calsolaied for raises of 0 and **%^ is the 

following ranges; 

1.30 > Ui *12> 

2.I»2S>    >fy^   >    1.667 

Values of — Jf eorreapondix)?' to !J wer« ealcttl&ted graphically aecorci.:ig 

t-o Bjaatioa 3?.    «L, values wear* calculated fross E~p.ati.ojs 31*• 

The variatiaa of axial velocity is platted in ?igar« 6 for 

differer»i •watees of '*V^ •    Figure ? shows the spread of the Jet as 

(37) 
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Solution of a Particular Mixing VrdtHems 

Figures <8 and 9 'present crcssplcts of Figures k9 6>s and 1 shewing 

the spread of the Jet -sod the decay of velocity along the axis respectively 

as a function of   jj$5[ ^c1* various JE: JC 'values.    When it is desired tc 

•predict the characteristics of a jet cf know, density, or teajperatarej, 

assasiag the jsresswr© to be cossctani? eshaustlAg into a .still Eedioa of 

xsaxMH density, Figures $» 6, and 9 are easily used to find the potential 

core length, the jst boundaries, and the velocity" decay on the astiLa* 

Scuat-ior 6 or 'Equation 7,  Lhe cosine velocity variatioes, mil then give 

the velocity at any point in the jet* 

It is the purpose of this z&$er to disease the effect of density 

'•jpngi a Jet discharging into still air ac,Iy»    'HcweT.-r,  it aeess that 

the case of an external stress -velocity not eqaal to sero could be 

taken infcc account quite easily fey the eefcbod g±7en by liScnea&fia and 

Wefcer{12! Involving a change of the coordinate system* 

Effect of Density '/ariatiog gpon Jet Characteristics: 

Qualitatively,  the effsct of varying density apc« the characteristics 

cf a jet spreading 'into a free stream of aero velocity can be seen in 

Figures 6 and 7«    It is noticed that the potential cons beeones longer 

as the density .ratio increases (Figure 5?»    a not Jet, lew    /jf%, values• 

not only has a shorter potential core,  'sat its center-line Telocity also 

drops off meli faster «ith axial distance than a cold .jet*    This is 1» 

•general agreeasent with Corrsin ani Bberwli 13* wss observed thai, a warn 

*et ssre&ds faster audj thareforej  its cessfceAiiie velocity decreases m>r& 

:^m^s§s^^^^^^^^^^^^^^^^^^^^^^^^^^ 
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although its inward spread is the nosrt rapid*    Bowever, after»1 ss „G67 

21. 

rapidly than a cool jet. 

The spread of the jet boundaries, % and HQ, is interesting -wfeen 

it is noticed that until an axial distance of aboot3»-JC = J&S& is 

sacked the hottest jetJ'^^= ..1&6?, has the least outward spread, 

this Jet has the sost rarod otstward spread*    These effect® can be 

explained, Qualitatively, as follows: 

Consider a hot and a cold Jet of equal Initial velocity exhausting 

faran mossles of equal radii into surroundings of equal density.    The 

total mmteiotixm flax of a Jet, which will fee proportional to^u , will 

be less for the hot than for the cold. jet.    For "this reason, a coKparitiYel;/ 

assail acaomt of wsma&sam. transfer will be .needed Ln the not Jet case to 

destroy the potential core eospletsly.    Consequently^ a ssaller asmnt 

of outside air is needed to be entrained, causing less outward spread 

for the bet jet in the core region*.    After the core has disappeared, 

t-N* wlodty on. the axis decays wore rapidly it the hot Jet, -also because 

of the reason jest, given*    However, the conservation of EoaserctoaE 

condition saist 'be preserved thus eaasiag the outer boundary of the hot 

Jet to spread rapidly after the cere is destroyed. 

the HLxing ?aras»t«r, —it 
U-i 

fjfitil now,  cite resells of the calculations have been presented in 

terss cf ft  tf ,  g teicg the pro|«a*fcionali1^" constant in the shear stress 

refarescntationj  Equation 25*    At first, it appears that the absolute 

velocity of the jet axhaostiag froa the nossle, e,, has an important 

influence upon the axial dissension*   ficsrever* esnseriiseijtal results f 121 
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show quite clearly that the characteristics of the jet depend primarily 

upon the ratio of the extrenal stream velocity to the jet exit velocity 

and only negligibly, if at all, upon the absolute velocity of either. 

Therefore, since this analysis was derived for the free jet casej i.e., 

for the particular velocity ratio of aero, neither the velocity nor any 

velocity ratio should enter into the determination of the jet character- 
jff 

istics. For this reason, it is believed that the quantity 57 should 

be considered as the empirical constant instead of K alone. 

A value of S was determined from the data of Pabst(lii), which 

was taken at a density ratio **/% -  .155. A value of •&    - .0038 
\ 

was found to match the length of the potential core, which he found to 
f 
i be 12*0 nozxle radii*    A comparison between Pahst's velocity decay data 
j 

and the velocity decay predicted by this analysis (Figure 9) U3ing 

I -«^  = *0038 is given in Figure 10e The agreement is reasonably good 
£ &** 
I up to the limit of the experiment which is about 25 noasle diameters 

S » downstream.. 

There is,  however,  an indication that   jgr    varies with density 

ratio &/&»    Data talcen by Corrsin(l$')  at a density ra.\±o**/p - v$&$ 
i. 
t 

t 
I result in a -=. value of »0059 when the theory is matched with experiment 

I at the end  of the potential cores 
i 
I The results of early experiments at this laboratory (11) are shown 

in Figure 11 for the case of an extremely cold jet, ^y^ -  2.30, When 

j evaluated at the end of the potential core, as defined by a sudden change 

i J't in center line velocity, <-?r   - »G033- The theoretical agreement -with 

velocity de..ay downstream is then fairly good; however, the number of 

[ experimental data are not sufficient for an accurst" avaluation* It 

should be noted that the jet exit Mach number was approximately 2.6 in 

these experiments and weak shock disturbances present in the initial 

«.-i.^ aaasp-^c  ffcSrww^- \•*»h?Cz '•'"> r ^"' '    ' "    ' \""*"-' - - •  -'V 
~- ,2. •»       £ ' -^   - "  
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portion of the jet mx-rht have changed the length of the potential core 

from its ideal value. It is believed, though, that shock effects were 

Jt 
snail and that, the value of 37  * .0033 is reasonably accurate. 

Therefore, there appears to be a variation In the mixing parameter 

iS.       with density ratio, which was not accounted for in the development 

of the theory being presented. A systematic experimental determination 

of &   v&U be a part of future tests conducted at this laboratory. 

mm&^-m^swmlti^f^M \;fc.',-—,,-:-'/ ^^^^^K^L^m&im^^.'^ 
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Appendix X   Solution of the ISLxing Problem Using a linear Velocity 

Profile and the Grocco Integral for Density Variation 

Equation 16 is an expression of the Crocco integral type and is 

an exact solution of the general energy equation in the Prandtl number 

of the flow is assumed to be unity and if the pressure is assumed to be 

constant* It would be desirable to represent the density variation in 

a jet by such an expression instead of the approximation given by 

Equation 18. Equation 16 can be rewritten as 

4* <X+*$<*~ & (i.i) 

where at,  and $ can be determined by the boundary conditions of the 

giTon Jet. 

The applicability of the method of solution presented in this paper 

depends upon the possibility of being able to express integrals of the 

form 

(1.2) 

ae algebraic functions of their limits, since the limits always contain 

1 at least one of the unknowns of the problem. That is, expressions 

j 
| similar to Equation 1.2 must be integrable.    The assumption of the cosine 
'•. 

shaped velocity profile eliminates the use Af Equation 1.1 as a density 

variation because of the resulting complicated form of the integrand 

in Equation 1.2 when substitution for u is made» 

An interesting calculation lias been Bads by FltScin(il) at this 

laboratory.    He employed a linear velocity variation and recalculated 



• f 
V 
( 

I 

; 

the incompressible problem of Squire and Trouncer for the one  case of 

no external velocity, obtaining results almost Identical with their;.-:. 

This shows in part that the assumed velocity profile is of little 

importance in the method of solution, a result typical of analyses 

employing integral equations. The velocity profiles used by Pitlctn 

are 

Core Regions 

££*&£, I /2«-/2A'J d»3) 

Developed R«gion: 

a sr a* / /"" staj (T.i,) 

Now, if it is assumed that linear profiles can be used in the 

compressible jet case without causing an appreciable change in results 

(a method of checking this assumption would be to repeat the analysis 

presented in thi3 paper using linear profiles and compare calculated 

resxilts), the problem may be solved using the more exact density 

expression, Equation T.I. This can be seen by substituting Equations 

1.1 and 1.3 iuto liquation 1.2 which gives 

I 

!%£Z&&J~ Slef/l d.5) 

StCayfc 

Upon reduction,   Equation l«f. may be split into 3 integrals,   the most 

complicated being oi   the form 

J&   &<s ^J^A*" /*- 
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Equation 1.6 is rational and may be evaluated easily, although tediously. 

;i*fc..^ ^'-*»a«sE--»! 
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Appendix II Constants and FtmCtjong Appearing in Equations 

Equation. 23): 
a- 3£. _ l£ 

A s? Ti 

•a. 
IT- 

•a.. 

Equation 29): 
/sr    ~3      f4t/s 

* 

Equation 30); 

where: 

—^ 

• •n»«ftwnw|llln,   iirwiri imrr*  * i   ""'"'I'lminnni numiI—MMWWWW —PW•—II—I•iinaimmi>n apwi 

225" I*- •—iipniwi^^xt'iiiiwiii—i •II«,.. 

* <ey>? v?4. *-+£'fr#4 •-, 

Note;    lower case letters refer to constants listed for Equations 28 and 29 
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II.   2 

I' 
Equation 3h): 

« €C~ £££ 

Equation 35): 

i jC     «-**      ME        -•      wiilw      _     19 jr M m 

Wir 11II — roriniT T Ti *» i- ——pa W   m I   III      •!!• HIIIIIIMIIfc ——a^—MP—^BWMMM—^ 

iBW«H wW 

^   j= JS   &*yr - 
>*   3 a. 

/ar* .--y?      «   7? 

V?.-,) 

B<3&6:    losEer case letters refer to crasvjints listed for 5c lat-Lacs   & 

- 

—"-::"- ? 3 
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